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ABSTRACT 


The linear cutwidth of a particular family of subgraphs of the n-dimensional cube, 
Q,, 1s used to provide a good lower bound for the cyclic cutwidth of O,.. A summary 
of previous research dealing with the cyclic cutwidth of graphs is investigated. A 
theorem stating that the linear cutwidth of a graph is equal to the cyclic cutwidth of the 
disjoint union of two copies of the same graph is proved. Next, a recurrence relation is 
solved and used to find the linear cutwidth of our subgraph of O,,. By using the 
theorem, we are able to calculate the cyclic cutwidth of the union of two disjoint copies 
of our subgraph; thus, providing a lower bound for the cyclic cutwidth of the 


n-dimensional cube. Finally, this lower bound is improved by applying the theorem to 


Qn-1 U Qn-1. 
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1 INTRODUCTION 


| Over the last few years, a variety of graph labeling problems have sparked the 

, interest of mathematicians. The bandwidth, edge sum, and cutwidth problems are — 

problems in which sind sebiak label, or number, the vertices ofa given graph in order to 
optimize some parameter. The particular problem we will study in this paper is the 

cutwidth problem, which basically involves finding a labeling of the vertices of a graph 
~ SO aa a maximum number of edges between consecutive vertices is minimized. 


A graph, G, is defined as a structure with a set of vertices, V, and a set 6f iia E, 


_. which j join pairs of distinct vertices. An n-cube i is an n-dimensional unit cube with 2” 


vertices, each with degree n, and n(2)""! edges. The vertices of an n-cube may be 
represented as n-tuples of 0’s and U's. Edges connect pairs of vertices that differ in 

. only one coordinate 1 in their aa We will denote the cube with 2” vertices as Qn. 
+ A vertex numbering of Gi isa finehon: 


Ty: V+ 41,2, 0510}, where M = \V, 


which is one-to-one and onto. A numbering may be thought of as embedding the 


vertices of G ss a linear host graph (path). The cutwidth of G, with respect to 7, | 


- owG : nN), is the maximum number of edges which pass between any two 


7 velbodings vertices on the host graph H. Figure 1(a) depicts the graph of ia ia wihiish | 


ae we label as G Figur 1(b) shows one = numbering (71) of the vertices of G 


onto the host graph, A, where the ineat cutwidth is 2. Figure 1(c) shows another 


numbering (n2) of the vertices where the linear cutwidth i is 4, Then, the cutwidth of G 


- ew(G) = min max |{(v,W) € E : m(v) <€ < n0o)}h 
a ma [4(¥, 
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Figure te 
Thus, the cutwidth of the graph i is the minimum cutwidth of all possivie jabalings of 
the vertices of G onto HI. The eutwiden icitiate is to find the minimum cutwidth. 
| | Neighboring vertices are vertices that are drawn next to each other on the host 
- graph. Adjacent vertices are vertices that are connected by an edge. In Fi igure 2, 
vertex ‘a’ and vertex ‘b? are neighboring aero but not adjacent vertices. Vertex ‘by? 
and vertex 7 are adjacent vertices, but not neighboring vertices. Vertex ‘b’ and © 


vertex °c’ are both adjacent and neighboring vertices. 


_ Figure 2 


_ There are some special properties of an embedding of G onto H. If any two 
wie are connected by an edge in G, then a path must connect the same two vertices 
on H. Ifa path travels past a vertex on the host graph, H, to get to a more distant 
vertex, then it is considered to pass through each vertex that it passes by. Thus, the 
cutwidth i is the maximum number of paths passing between any two neighboring 
vertices of E fi. By changing the labeling of the vertices of G, we may change the 
cutwidth, If G has 7 n vertices, then there are n!. embeddings of the vertices of G onto 
H. The solution of the linear cutwidth problem is the minimum of the cutwidths for 
each of the possible initia of G onto H. When the host graph is a path, the 
| cutwidth problem is called the liriear cutwidth of G, and it will be denoted by Icw(G). 
| | When ne host graph is a cycle, the cutwidth problem iS called the cyclic cutwidth of 
G, and it will be denoted by ccw(G). 
_ We may think of the cyclic host graph for an oubet - in the form of a 2”-gon. 


The cyclic cutwidth of G, with respect to n, denoted cew(G : 7), is the maximum 


= ; | number of paths that cut through a radius of H [6]. Then the cyclic cutwidth of G, 


denoted ccw(G), is the minimum value of cew(G n) over all numberings n. 

A simple example to examine is the incalinaiitiel cube, O3. See Figure 3a. 
“A linear a consists of the eight vertices of O3 embedded ona path, H. Let 71 be 
the vertex numbering of the eight vertices of O3 shown in Figure 3b. The twelve 
edges which connect eotces in O3 must ise ne the same vertices in H. The 
linear cutwidth is. the maximum number of paths een any a neighboring 
‘vertices of H. So, in this example, lew(O3 >m) = 5. The Icw(Q3) would be the 


minimum of the cutwidths for each of the possible embeddings of Q3 onto H. | 


h g 
| gl Je 
yy 

(a) 


2 


By comparison, we ° consider: one numbering of the eight vertices of a. 


: : : three-dimensional cube ona cyclic host. Since there a are eight ve vertices, the host graph, : ’ 


ae H, wil bei in 1 the form of a regula octagon. The twelve edges of Gu must also be drawn - 


- as pats i in HH. Paths actually travel along the perimeter of the octagon passing e through . og : 


? oe : each vertex they _ by. Each path has two ways to travel around the octagon. 3 | 


: : Actually, $0 a can visualize the embedding, we will draw pats which connect the 


< e vertices with staight lines through the interior tof the octagon. 7 


Let 7 2 be the numbering shown in Fi igure > 3c. To calculate the eyelie cutwidth, 


‘a : con ‘n). we construct a a Tay ‘from the center Pot the octagon to the regions between — 


2 | : cach pair of neighboring vertices. ‘The number of edges crossed is found for each pair a . | 


‘ of neighboring vertices and the maximum 1 number of edges i is recorded as the i 
ne. cutwidth, Thus, cow Qh m)= = i ‘The ccw(Qs) would be the m minimum n of the : aa 


| 7 ; cutwidths fo each of the possible embeddings of ox onto He 


oe 28 SUMMARY OF THE LITERATURE 


"There have been countless hours of research spent ying to find the eye 


nae en cutwidth of the n-dimensional cube. Many rs researchers as well as s students have tried os - 


; | to solve this s complex problem. “The cyelie cutwidth problem is very difficult i in 


7 - general, but some results are e known for special cases. 


The survey paper rby F. R K. Chung 3] provides valuable background 


= | semua about the cutwwidth problem. Several results comparing the cutvvidth ofa a a | 7 


tas ; : complete k-level tary t tree with its = topological bandwidth are presented. Butt more | - a - 


a ; 7 important to the present project a are + Chui’ 5 suggestions for future research of 


| 4 cutwidth problems. Most of the results examined by Chung, concentrate on the case _ a 


rs 7 a ‘where the host graph isa a path ‘Chung suggests finding the cutwidth for a vatiety of 


aay s oe en different host St graphs. Some examples ar other possible h host st araps are © aids, trees csand _ 


‘The e cutwidth problem of the nce has been studied when the hos graph is s both 7 oe 4 


-@ % 7 a path. and rectangular grid. The cutwidth of a graph when the host graph i is a ed is : 2 a 


_ : “called: the congestion of the graph. A team of researchers Jnchading 5 S. Bezrukoy, M. 


~ 7 Rottger, uP Schroeder iP Harper, and I Chavez obtained a recurrence e relation for ae 


nee the linear cutwidth oft the n-dimensional cube e [1 By solving this r ecurrence, e they. 


re de found the finear cutwidth to be a a 7 ; 


adie en oe. | ‘o : Eee ae 2 ifnis even eres 
Ale : | oe penis : 


F ollowing i is their interesting result relating ihe congestion to othe linea cutwidth 


. e of the n-cube. 


: a 7 Theorem 2 4) cont Pa x Pye) = Low On) where n + ae = n, m > > My and Py pie 


eee — Pa is a a path ofm m. vertices. 


i. : : Thus, from this theorem, the linear cutwidth ofa an nn-cube can 1 be used to find its. = ae 


SS ‘congestion. 


-Y, Lin 1171s studied the elie cutwidth for the complete biparit graph. Lins states 7 


a . that given any y complete bipartite aah, K, mins - with ree o as the ciasees of Kn, mn> a | éi 


where X = £01525 000Xm} and Y = {y1,V2,....¥n}, an upper and lower bound can be 
calculated. — | 


: Theorem (2.2 [Lin]) For any integers m, n, the following holds: 
TEC ILE] +P 41) 1s comin) [ETT 
Lin also has a corollary that if m and n are both even oe m= ei the cyclic 
cutwidth is given by the above lower bound. | 
7 Gavalieny (2.3 [Lin]) Tf both m and n are ail orm = n, we have: 
com(Knn) =[H(L4 L$ +404 D1 
Thus, we have both an upper and lower bound as well as exact results for special cases 
: of the cyclic cutwidth of complete bipartite graphs. 
In this paper, we are interested in finding a lower bound for the cyclic cutwidth of 
the p-diicisional cube. Kiheaiath the exact sohaion has yet to be pioven: many — 
- researchers have ideas of what the cyclic cutwidth of the n-cube should be. J. Chavez 
and R. Trapp [2] = conjectured that the n-cube’s eles cutwidth can be calculated 
using the following formula. : 
5") 


3 
sar 5Q"2)-1 


ifn is even 


Conjecture (2.4 [Chavez-Trapp]) cew(Qn) = 
| if n is s odd. 


This conjecture has been verified by computer for the three-dimensional cube. 


Ray Gregory [4] submitted his Masters project in which he used a computer program 


oe - writen in in CH code to calculate the cyolic cutwidth of the 3-cube. Fi inst he found i: | s 


ee number of ‘ways to embed the eight vertices of the 3-cube onto an octagon. His 


" t computer program 1 found and evaluated the e oxaio cutwidth of all 5 040)4096) 0 or. 


a i 20, 643 840 c cases possible, 


Beatrice j ames s [6] verified the Chaver-Trapp con jecture efor the 3. dimensional | 
—_ and 4- dimensional cubes. ‘Her method of | f proving the cyclic cutwidth for the 3 and 3 : 
4. dimensional cubes is interesting and u unique. An outline of her proof: for the ; | . - 


: 3- dimensional cue follows (the. 4- dimensional c case is is similar). 


ea ames 5 noticed that the 3-cube j is composed of t two disjoint 2-cubes connected dby : ee | 


| | | : four distinct edges. She also noticed that hie: the vertices of the 3.cube v were 


ae ‘ embedded onto the eel host, the two distinct 2-cubes ¢ can either contain the center or. 


-_ ee not contain the center. (See Figure 4. ) Therefore this particular proof had three « cases. | i ee 


: a : to examine: both 2-cubes containing the center, one containing the center, , and neither - ea 


— containing the center. And in 1 each case, she found that the oye cutwidth had to be at | 


: : 7 east th three; thus, proving : that the xis. cutwidth of the 3-cube i is. three. - 


F rancisco Rios [3], assisted by his mentor, R. Trapp, discovered some interesting 
_ relationships between the linear cutwidth and the — cutwidth of complete graphs. 
First, a theorem for finding the linear cutwidth of any complete Saiph was as proved. 


| Next, he found a relationship between the linear cutwidth and the cyclic cutwidth of 


7 ‘entice graphs based on the seni of his previous two theorems, But the 1 main point 


of 1 interest in Rios? paper is s his theorem for finding t the cyclic cutwidth of sonipleté 
graphs. 
| Theorem (2.5 [Rios]) For any complete graph K,, on n vertices, 7 
Lo 2 8 scen: os 
—— aS if + is even 
ccw(Kn) = <- - nt if + is odd 


2-l if nis odd . 


~ Since the n-dimensional cube is a subgraph of the complete graph with 2” vertices, 
then the results of the cyclic cutwidth of complete graphs provides us omit a result 

| a will be more ethan the eyelic suewidth of the n-dimensional ae But an 

4 intcresting relationshig between the linear cutwidth and cyl cutwidth is his corollary — 
to his theorem, This corollary will be of i interest to this paper. 


| Corollary (2.6 [Rios]) For any complete silk Ky, onn vertices, . 


lew(Kn)t2 apn s .. | 
ee if > is even 
ccw(Ky,) = < ae if + is odd 


tn ifnis odd. 


| By Rios’ corollary, the savings of cutwidth fer using a cyclic host compared. to 
| the linear host i iS half. 7 


At the other end of the spectrum, J. Chavez and R. Trapp [7] found an important | 


relationship between the os cutwidth and the cyclic cutwidth oft trees, which shows 


| that no savings 1S achieved. | 
: | | | Theorem (2.7 [Chavez-Trapp]) /f r is a tree, then lew(T) ‘ ccw(T). 
_ This relationship eae that given any tree, the linear cutwidth and the cyclic cutwidth 
are equal. We know that the iid cutwidth iS always greater than or equal to the 
7 cyclic ctw sialon siecle a linear chassis is embedded onto a cycle, some of the 
| edges may wrap around the eye thus, reducing the cut. But if G does not contain 
- any cycles as 1S the case for a tree, then we expect the linear cutwidth aaa the cyclic 
a to be equal. | 
In order to prove that the — and cyclic cutwidths are equal, Chavez and Trapp 
proved that thé linear cutwidth is less than or equal to the cyclic cutwidth. They did 
this by describing aa algorithm which ierriices a linear layout of a tree, 7, from a 
cyclic layout without increasing the cutwidth; — ‘cinien the linear cutwidth of a 
tree is equal to the cyclic cutwidth of a tree. 
One approach toward solving the cyclic cutwidth of the qeaineasional cube is to 
- find i ae and lower bound. ‘Lin and Chung both used upper and lower bounds to 
. narrow down their seis This technique of using bounds is not uncommon in 


| combinatorics. An established upper bound for the cyclic cutwidth problem is 
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: provided by Cony ecture (2.4). Therefore, we decided to approach the cutwidth — 
problem presented i in this paper by looking for a good owes bound of the ene 
cutwridity of the n-dimensional cube. » 


3 FINDIN G THE LOWER BOUN D FOR THE CYCLIC CUTWIDTH OF 
THE N-CUBE 


The main goal of this project is to find a good lower bound for the cyclic cutwidth 
of the n-cube. Asa arn of accomplishing this goal, we began by looking at families 
of subgraphs of the n-dimensional cube for which we could calculate the cyclic 
cutwidth. 
We started by looking at a 3 -eube and figuring out how many edges we can take 
away before the cyclic cutwidth changed. Although this method would definitely ove 
us a subgraph of the 3-cube with the same cyclic cutwidth, increasing the dimension . 
would only complicate eaters: Plus, there was an inconsistency and no ‘sneae 
pattern to the number of edges removed when we used the same method on the 4 and 
Sih | Therefore, we decided to disregard this method and try a different approach. | 
Our next approach to finding a saberaph was to build up to an n-cube instead of 
ian aay from it. We knew that in order for a subgraph to represent a reasonable 
| lower bound, it would bases t contain a majority of the edges of the n-cube. We 
| stared by considering a 4-cube and a particular family of subgraphs that gives 


interesting results. 
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3.1 Subgraph of the 4-cube 


If we take one edge in a 4- ane and find all 2-cubes which uae that one 
ee edge, we will find there are always three 2-cubes which share that edge. 
The. subgraph saab of “ union of these 2-cubes is interesting. We will prove | 
- that the subgraph of the 4-cube eonsiaine of the three 2-cubes sharing one common 
edge has a cyclic cutwidth of 3: 

F ollowing the B. J ames [6] approach, we observe that each 2-cube can either 
esata the center (and ieikiiile a cutwidth of 1 to the graph) or - contain the | 
center (and contribute a cutwidth of 2 to the graph). (Refer back to Figure 4.) 
Theorem (3.1 1) r he subgraph of the 4-cube consisting of all 2-cubes sharing one 


common edge has a cyclic cutwidth of 3. 


: Proof Since there 4 are three 2-cubes to look at, we see that four cases arise. These : 
cases deal with the containment of the center by the 2-cubes. 

CASEI 

Suppose all fhites 2-cubes eee the scnice Each will contribute a cut af one 
to the total cut. Thus, the cutwidth is 3. 

CASEI 

Suppose two 2-cubes contain the center. This will automatically yield a cut of 
two m al fiteiliose When we place the remaining 2-cube on the host efaoh so that 
it does not contain the Senet it will have to double back over itself. This will 


contribute a cut of two to some region of the host graph. Therefore, the host graph 
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will have a cut of four. 

CASE III 

Suppose one 2-cube contains the center. This will automatically yield a cut of 
one in all directions. The second 2-cube can be placed on either side of the common 
edge. Since this 2-cube will have to double back on itself, contributing a cut of two; 
thus, this will automatically yield a total cut of at least three. 

CASE IV 

Suppose none of the 2-cubes contain the center. Then the 2-cubes will have to 
be placed on either side of the common edge. There are only two possible layouts. 
One possible layout is when two of the 2-cubes are placed on one side of the common 
edge and the remaining 2-cube is placed on the other side. Since each 2-cube will 
have to double back on itself, each will contribute a cut of two. Thus, the side with 
two 2-cubes will contribute a total cut of four. The other layout is where all three of 
the 2-cubes are placed on the same side of the common edge. Clearly, this will 
contribute a cut of at least three. 

(End of proof). 

The cyclic cutwidth of the 4-cube is six [6]. Although this subgraph only gives us 
half of the cyclic cutwidth of the 4-cube, we notice that there is another disjoint copy of 
the same subgraph within the 4-cube. We also notice that the edge that shares all three 
2-cubes in common has an “opposite edge” in the 4-cube. If u and v represent the 


vertices of one edge in the 4-cube, then there exists an unique “opposite edge.” If we 
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| label the vertex which 3 1S the a distance from vertex uasu ‘and vertex which 
Is the furthest distance from vertex vas v’ , then (u',v') will represent the: ‘opposite 
edge.” For example, if u 1S cdi’ by (0, 0,1 0), ‘then u' will be represented by 
(1,1 I, 0, 1). Since the two copies of the subgraph are disjoint, we may be able to — 
increase the cyclic cutwidth Sf6 our subgraph by laying both copies onto the same host 
graph. Before aati whiten this is true, we acoeee to increase the Siuinided 7 
_ of our problem to see if we > could find similar results ¢ or develop a patter in ger 
dimensions. 
ie 3.2 Extending to higher dimensions 
We next looked at ‘5 -dicwasicnulb cube Our subgraph consists of taking one 
2-cube and all 3-cubes sharing that one face. After drawing ead = Sue were | 
_ ready to prove that the cyclic cutwidth of our subgraph must be at least 5. But if we | 
~ were. to proceed in a manner satis to the ovate sion we would have twice the 
anes of cases 46 eeaainie 
After being able to pecieice a proof for the eyolic cutwidth of our subgraph for the 
; 4. dimensional case, we saited to be able to find the cyclic cutwidth of our subgraph 
| | for any dimension. We notice that our subgraph of a 5-dimensional cube consists of 
_ four 2-cubes arranged in the shape ofa “Y”. (See Figure 5.) The central 2-cube iS 
connected to the three outer 2-cubes in a way to form three 3-cubes sharing a common 


face. 
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. Ys & 


F igure 5 5 | 
We can generalize this subgraph of the cube for any dimension, n. The common 


(n — ae will be arranged i in the center of the a and the three Bs 3)- cubes will 


be arranged on the three endpoints of the “Y". The three ae 3) -cubes will have each 


of their etic connected to each of the vertices of the common om 3)- cube i in a way 
to form cubes. Thus, when the common (n— 3)-cube connects with the other 
| (n — 3)-cube, they will — an (1 — ciate We v will denote this. subgraph of the | 
| | n-dimensional cube as Yp. 


3.3 Defining HS) 
A technique from [1] is useful here. In that paper, 9(S) is defined when Sc V, 


where Vis the vertex set of a given graph: 


5 


— (S) =|X(v,w) CE: ve Swe Sh. 


Basically, (8 ) counts asia of edges in G with one = in S and the other 
vertex not in S. : | 

We let nN: V=> 11,2, ....,m} be a numbering of the vertices of a graph, G. Then 
for each /, 0 < 1 <|M, define Si(n) = 1! (X1,2,..../}). We know lew(G : 7) can be 
thought of as the maximum number of edges that pass between any two vertices on the 
linear host t graph, Then we hanes 


oe n): ae x H(SiCn))- 


But since we know that for the graph of the n-cube, the numbering scheme given by 
the lexicographic ordering of the vertices minimizes 0(S,) for each 0, 
Iew(Qn) =max 6(S;(lex)). 
0<0<2” 
We also note that, from [1], we have two observations about O(S) 

-@ ~~ ForallSc v.95) aS) Thus - 

min O(S) = min 7 

SiO [S-m—t 


wo On On, we have the itiovitag recursion. 


Wis y ' [ 204. 6(Sin-a(lex)) if0<0<2"2 (a) 
; | 214 0(Spgn2p-o(lex)) if2"2 <0< 2", (b) 


- 3.4 Y-coloring scheme 
Notice that in (ii) a recursion occurs. This gives some hope that we might be able — 
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to solve the linear cunyacn problem fea ie using a recurrence relation. 

Recall that Y,, consists of three ie -3)-cubes, each with Qn-3 vertices, where each 
of ie vertices are connected to the vertices of a central (7 — 3)-cube in a way to et 
three (n: — 2)-cubes sharing the central cube as a common face. (Refer back to Figure 
5.) We “color” in the vertices to show they are included in the set S, and calculate — 
—-6(S) for eah set S. Each vertex that we color and add to. S will change both -_ 
internal and eerie cuts. The internal cut is the number of ‘edges that lie within the 
(n — 3)-cube and have one vertex in S and one vertex not in S. ‘The external cut is. the | 
| ‘mimber of edges that eee two (n — 3)-cubes and have one vertex in S and one 
vertex not in S. The marginal loa and marginal external cuts are the changes ia , 
the cuts by adding one new vertex to S. | 

There are several unique characteristics to the Corictind scheme. The first is that 
once oe vertex from an (n 7 3)-cube is colored, we must keep coloring the varies: 
from cdi (n— 3)-cube until all of its vertices are colored. Only after all of the 
er the (” ‘ 3)-cube are in S can we choose to start coloring the vertices of 
another (n — 3)-cube. 

The reasoning behind this is simple. Since the goal is to minimize the total cut 
every time a vertex is added to S, it would not make sense to add vertices from a 
(n = )-cube to S. When a vertex —_ the original (n — 3)-cube 1S added to S, the 
~ external cut will increase by one, and the internal cut will increase by less than (n—- 3). 


If the vertex from another (n : 3)-cube is added to S before all of the vertices from the © 
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original (n z arene are colored, then the external cut will still increase by one, but — 


the internal cut will i increase by ie 3). Therefore, toi minimize the total intemal cut, 


= | it is clear that all of the vertices fiom the odietial (n—- 3)-cube should be colored 


before moving on to another (7 — 3)-cube. 


—~ 


A second characteristic is that the first vertex chosen in the Y-coloring scheme is 
never a the central (n — 3)-cube. The ene is quite clear. Ifa vertex is chosen 
Poni the ee (n—- 3)-cube, then we would have @ an. internal cut t of (n- 3); and an 


external cut of 3 (one going to each of the outer Gis 3)-cubes ie But, if we daees a 


vertex < from one of the outer (n- 3)-cubes, we still have the same ¢ internal cut, but an 
i external cut of one. Since the Y-coloring scheme aims to minimize s the total cut, itis 


best to start by choosing one of the vertices from one of the outer o- 3)-cubes. 


Another characteristic of the Y-coloring scheme is. that the maximum 8 occurs 


when one (7 — 3)-cube is completely colored and a second tes 3)-cube i is partially - 


a colored. This statement is proven by reducing three out of the four cases down to the 


fourth case. 


First, suppose only one of the outer (n- 3)-cubes has a portion, say K : (where | 


KK < < 2"), of its vertices colored. Then a(S x«) will consist of both an internal and | - a 
a nal cut, where the extemal cut will be K*. But if we follow the numbering 


| characteristic of the Wecsciies scheme and finish coloring the vertices of the test 


: Ge 3)-cube and start coloring t the vertices of a second (—- 3)-cube, itis ekar that. 


2 O(Syns i. K) will consist of the same intemal cut, but a total external cut equal to 


| 2" + K*. Since O(SK+) < O(Son3 ~ ), 9 is not optimized when only a portion of the | 
vertices of one (7 — 3)- -cube are coleeeds in. 
Second, suppose three af the (n- 3)-cubes have all of their vertices colored and 

_K* vertices from the remaining (7 — 3)-cube are colored. Sides = : 

O(Son3_x+) = a(S; — vk: ) by observation (1), this configuration is the complement sf 
the first case. Since OS 204K) < O(Syr3 sein then 
7 F (Ssons eK ) < O(Syx3, ar 5). ‘Therefore, is not optimized when the vertices of 

‘three of the (7 — 3)-cubes are salon’ in. 

: The remaining case is — all of the vertices con two bic 3)- cubes and K * of 
the vertices from the central (n- a): ~cube are colored. O (Soars , a) will consist of an | 
internal cut, plus an edeil cut of 2 m3) 4 K*, By observation (i), We see that 
att ) Ke) = = 0( Sys Omsk )}- Therefore, we choose 0 (S23. 10" , 

A final characteristic of the Y-coloring scheme i is that 0 is maximized when at 
least aa of the vertices a are colored in the second colored fie 3 Foti, Let K* ~ 
represent the number of vertices colored i in a , paiiialty colored (n- -3)-cube. By — 
observation (i), the internal contribution. of a set of vertices of size K* is equal to the | 
internal contribution of a set of vertices a size 23 ake. if K« ae i 12"), then 

2” — K* . 3 Lan ). The external contribution of a set of vertices of size K* will be 
less than 4 72 a . But the external contribution ofa set of vertices of of SiZe 62" -K* 
will be at least . x (2 m3 Therefore, to maximize the oa cut of a set of vertices of | 


Size K we was want to choose the number of colored vertices to always be at least 
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4 Chas ). 

F rom these observations, -_ see that 0 is maximized _— one of the 
(n— sashes bias all of its ss completely colored and a second (7 — 3)-cube has - 
at least half of i its vertices colored. 
ore (3. 41) The wide of the ee of maximizing O(YK cia with respect to the 

YV-coloring scheme is given by the following recurrence relation: 
O%Kn) = 7(2"5) + 0(¥ ee n-2 ). 

Proof Let K piesodi the total number of colored vertices in Yn. Then by 
| previous discussion, K = 2-3 + K* (where K* is some abet of colored vertices J 
the second ania Either 7Q"*) <K*< (2-3) or £(2"3) < K* < 3 Bar), 
Begin ™ assuming + $2") < K* < 2"). 

oe (Yn) = K+ O(Qk«7-3) 

= K+ O(Qon-s_K n-3) by observation (i). | 
By using the formula from observation (11) part (a), with 0 = 2" — K*, wesee 
OYk.n) = K <a 22" — KN) + O(Oon-s_K+n-5) 
= K + a call = ey) + 1(Orn2-Kns ) 
=2"1_ K+ (022-4 n-5)- 
We know that for ad <ms< < 202"), 
— «Oo baa = M+ HQm-2"5,n-5 ), | 
= OOQm-2"5,n-5) = AY mn-2) — mM. 

— Letm=2"5 = 2"2 _K. 
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oe ae -K + + (Oma _) : 
a * amt, -K - + O(¥mn-2) ~ m 7 . fh 
oa. = = grt. -K+ 0(Yoa-402) sa). +K 
, » 16@"4) + (Yoo 90" )-K cra) 9a") 


= = 70") + 950s kr) 


oF ate Thus, when 3 10") < < Ke i “ em), we ¢ have the following recurrence relation: : | 


* se = 7085) 1 acy parka) 


"The proof of the other case follows very y similarly. Assume K= 28 + Ke where 2 | ‘ , ; oe 


| vy $e") < Kt < = FO"). 45% 7 
oe - Then, 8) = K+ a0 ae 


| = =Ks + 0(Qrrx v2) by observation a). 


} | re - ve using the formula from observation @ pat ), with 0 ss “7 Ke ; “wes see e : ; et 


© Fin) = e K+ ie + + (Op. -K+2"5 ws) 
oe | . = -K + ae +, + (Ors orca aes : 
ie. can simplify yrs 23 + Kr + oes to ym a Kr , 23, 
* " Butsin since K* = | - K- 23, : | 


ae Ik Kee : 23 = “3m +K- 2m - ang) ieee o a 


22M a KA rR EE ic eae 


Therefore, me, = _K + 2m + 1 Qre2e+-202, gui). 
“We know that for ans <m< 2(2"°), 
OY m-2) = m+ (Om ae ys) 
= (On 205 ns) = = Om, n2)— mM. 
Let m - ams = K + aes Qn ad solve for a 
7 : Thus, m= 2"°4+K+ Qn4 _ Lae 
= = 29-5 - K + 2(2"-5) - gars) 
eles (25), | 
Then 0(Fex) = =K+2"4 4 (Oriana nS). 
=K+ 24 + O(Om-25 n-5) 
= K+ 2"4 + OYinn2) — 
= -K+ ant + 9(Yx-saryn-2) ~[K- 5 (2-5 )] 
= = 72" 5) Tf 8 Ya-sarsy m2) 
Thus, when 4+(2"%) < K* < 323 ), we have vie following recurrence 
relation: o(Yan) = 7(2"°5) + acy. K-5(2"-5), ra) 
Comparing the two recurrence relations s just obtained, we observe an apparent 
diserepaney However, since K- 5(2 4); and d 9(2 Pope K are - complementary (that - 
is, sum to 2” ), by sbsecvation (1); the two recurrence relations are identical. 


(End of proof). 
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3.5 Solving the recurrence relation 


Now that we have the recurrence relation An = 7(2"°) + An-2, With its two initial 
conditions (A3 = 2 and As = 4), we must solve this non-homogenous relation. We — 

_ Start by solving the homogenous part, which gives A, = C,(1)" + Co(-1)”. Then we | 
~ calculate the non-homogenous part and add its result to the homogenous solution, 
which gives A, = C a C2 -1)"+ 3 + #2"), Using t the initial conditions to solve for 


C 1 and Gwe get C; = =-+ and C, = —+ 1 which gives us the following lemma. 
~ Lemma (3.51) lew(Yn) eels Fey". 
Proof lew( Y,,) is the minimum over all numberings of the maximum values of 8. But 
since the Y-coloring scheme is the optimal numbering, its maximum, given by the 
‘solution to the recurrence relation, is Jcw( Yn). 


(End of proof). 


3.6 Relationships between Jcw(G) and ccw(G) 


We also have another us useful lemma. Let G be a graph embedded onto a events | 
. host, H. Let Cia, be the maximum of the cuts between itis 2 vertices of H and, 
Cin he the minimum of the cuts between Heignponne vertices of H. 


~ Lemma (3.61) The sum of C'Max and C'yjin will be at least lew(G). That i is, 


Proof Assume that Cuax + Cryin < Icw(G). If we take all of the edges that contribute | 


to C'yin and place them on the opposite side of the center, we would decrease the cut 
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- of C ‘Min to 0 thus, creating a ines eee of the vertices of G around the center. 
| Since /cw(G)) is the minimum over all numberings lew(G) < C. Max + C Mine We have 
a contradiction si since, — | 
‘lew(G) < Crier + Cun < low(G). 
Thus, Cyvar + Cun > lew(G). 
(End of proof). 
We use this lemma to support the following theorem. It shows how the cyclic 
cutwidth of two me oint subgraphs are related to the linear cutwidth of one of the 
: disjoint subgraphs. | 
Theorem ‘a 62) Let G and G> ie two isomorphic graphs, and letGiU Goi be the | 


disjoint union n-of Gy and G2. t hen — U G2) = SRT 


Proof Let H, and P 2 ag 7: cyclic hosts for Gi and Go, peanaitively: ie C -_ be 
the maximum of the cuts between neighboring vertices of H : and C ae be the 
minimum of the cts b between neighboring vertices of Hj. Also, let Ce. be the | 
maximum of the cuts between nesnbarae vertices of A and Co, be the minimum : 
of the cuts between neighboring vertices of H>. 2: “Thea by Lemma 3.61, 

C1. + om > lew(G1) and C2 ata + Coy > lew(Gr). ‘Also, 

cow(Gy U Go): > ma(C + Crug Coxe + Cc oe 

Assume without the loss of generality, Cig. 2 C dine 


Adding Covin to both sides, we get Cine: + Cm > Cy, +C, 2 lew(G2). 


Therefore, ccw(G1 U G2) > Iew(G2). 
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To show the reverse inequality, label the vertices of G; by v1, v2,...,Vn, and 
the vertices of Gz by u1,u2,...,4n. Then arrange the vertices of (G; U G2) in the 
cyclic layout so v; is adjacent to v2, which is adjacent to v3, and so on to v,, and v, 
is adjacent to the u;, which is adjacent to u2, which is adjacent to v3, and so on to 
Un, Which is adjacent to v;. Clearly, we see that the ccw(Gi U G2) < Icw(G2). 

Thus, ccw(G1 U G2) = Icew(G2). 

(End of proof). 

From this theorem, we know that we can use the linear cutwidth of Y,, to find the 
cyclic cutwidth of the union of two copies of Y,,. This would provide a lower bound of 
the cyclic cutwidth that we are looking for. 

Knowing the solution to our recurrence relation, we have following theorem. 


Theorem (3.63) ccw(¥n U Yn) = -+ - 4(-1)"+ 42)". 


Proof The proof of this theorem follows clearly from Lemma (3.51) and Theorem 
(3.62). 


3.7 Other discoveries from our research 


We can use Theorem (3.62) which relates the linear cutwidth of a graph, G, to the 
cyclic cutwidth of the union of two copies of G, G U G, to obtain a better lower bound 
for the cyclic cutwidth problem. In the n-cube, there are disjoint copies of two 
(n — 1)-cubes as subgraphs. We know that the (7 — 1)-cube is a more complete 


subgraph than our Y,,. Thus, we obtain the following improved lower bound. 
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<> ifnis even 


Theorem (3.71) ccw(Qn) = lew(Qn-1) | oe te 
: | | ae i n is odd. 


Proof The formula for the lew(Qn) 1s given in [1]. The n-dimensional cube ee 
disjoint copies of two (n — 1) cubes. Letting G, = QOn-1and G> = On-1: and using 
Theorem (3.62), we can calculate an improved lower bound for the cyclic cutwidth, | 

End of proof). : : 


4 ONE ene 
| 41 Results 


Although the Chavez-Trapp Conj ecture (2.4) has yet to ee verified for all cas 


we found a Jower bound that can be used to give a good estimate for the cyclic 


— cutwidth proven By looking at a family of subgraphs 7 the n-cube, which we called - 


Yn, we were able to find two disjoint ve of the same , subgraph i in the n-cube. Then | 
using Theorem (3.62), we were able to state that the cyclic cutwidth of two disjoint * 
copies of Y, 18 equal to the linear cutwidth of one copy of Y, n- Although a formula for 7 
finding the linear cutwidth of Y,, did riot exist, we were able to use the definition of | | 
6(S) and the “Y-coloring” scheme to find the linear cutwidth of Yn. 

Calculating O(S) for Y, where n is small — not difficult. But as n increased, $0 
did the compleda? of calculating 0(5). There tae) using a technique found in [1], we 
were able to find a recurrence relation for calculating lew(Y, ). This proved to be an 


important step towards solving our lower bound problem. 
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After all of the results were calculated, we found a better lower bound using two 
disjoint (7 — 1)-cubes instead of Y, » aS our subgraph. ‘Using Theorem @.71), we were 
| apie to find a lower bound that is eprom 80% of the upper bound given by 
Conj ecnire (2.4). This iusaines was medial after realizing that every > 
n-dimensional ibe contains two disjoint (n 7 1)-cubes as subgraphs. Then applying | 
Theorem (3.62), we were able to prove Theorem (3.71). 

4.2 Future research 

| Since a lower bound was found, the immediate question for future research | 1S 
| what Keeps us oo isdates the oyolic cutwiain problem for the n-dimensional cube?” . 
It would be nice to improve our lower — to get results closer to the results hs 
Conjecture (2: 4), 

The subgraph composed of the disjoint union of two (n — 1)-cubes is missing 
exactly 2”! edges from the complete n-dimensional cube. We could spend some time 
investigating how adding these “missing edges” might increase the lower bound in 
Theorem (3.71). 

Another area of 1 interest might be tou use ‘Theorem i 02 to solve other 
applications ¢ or problems. This theorem — be applied to simpli the _— of 


difficult problems. . 
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